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A macroscopic kinetic model accounting for non-Boltzmann vibrational distributions is proposed to describe the
dissociation kinetics of a N, /N mixture in a recombination regime. This model is derived by reducing the state-to-
state approach to a kinetic equation describing the last vibrational level. The global dissociation rates are related to
the last vibrational level population instead of the vibrational temperature. Results obtained by this model were

validated with state-to-state calculations.

Nomenclature

E,, = function to calculate the energy of the vth vibrational
state

G, = global gain term for the vth vibrational level

GY = gain term for the vth vibrational level due to pth
process

G} = approximated global gain term for the vth vibrational
level

K., = equilibrium constant for the dissociation process

K4 = generic dissociation rates

K% = rates for dissociation from vth level induced by atomic
collisions

Kdm = rates for dissociation from vth level induced by
molecular collisions

K = generic recombination rates

K3 = rates for recombination in vth level induced by atomic
collisions

K™ = rates for recombination in vth level induced by
molecular collisions

K, = rates for vT transition v — w

K'Y, = rates for vv transitions v, w — 1 — v— 1, and w

KX, = state-to-state rate of the process X for the molecular
transition v — w

K* = rate coefficients of process x induced by atoms

K™ = rate coefficients of process x induced by molecules

k = Boltzmann constant

L, = global loss term for the vth vibrational level

LY = loss term for the vth vibrational level due to the pth
process

L = approximated global loss term for the vth vibrational
level
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Ny, = number of vibrational levels
Nt total particle density of the mixture
N, particle density of the vth vibrational state

n, = vibrational distribution

Q., = vibrational partition function

R* = global rate coefficient for the x process

T = gas temperature

T, = vibrational temperature

t = time

y = ratio between constant pressure and constant volume
specific heat

& = energy of the vth vibrational state

&, = Mmean vibrational energy

xX = molar fraction of the Xth species

Subscripts

v = vibrational quantum number

vM = last vibrational level

w = vibrational quantum number

1. Introduction

CCURATE characterization of high-enthalpy flows strongly

depends on the nonequilibrium vibrational distributions present
in the medium. Two approaches are currently used for handling the
problem: multitemperature (MT) and state—to—state (STS) models.
The MT approach considers Boltzmann vibrational distribution,
characterized as a vibrational temperature that is different from the
translational temperature. For diatomic molecules, the common
assumption is to consider the rotational degree of freedom in
equilibrium with the gas, whereas a linear relaxation equation is
considered for the vibrational temperature [1,2]. The relevant role of
the vibrational temperature is to affect the rate coefficients for
chemical reactions, such as molecular dissociation, considering that
endothermic processes are accelerated by vibrationally excited
molecules. According to Park’s model [3—-5], Arrhenius rates for the
relevant processes are calculated by introducing an effective
temperature, defined as the geometrical mean of the translational and
vibrational temperatures [3—5]. This approach, which is very popular
due to its simple implementation in 2-D and 3-D fluid dynamics
codes, adequately describes the dissociation regime, but it is not
accurate in the recombination regime.

In the last years, anew model based on the STS vibrational kinetics
has been developed and applied to 1-D high-enthalpy flows, such as
boundary layer [6,7], nozzle expansion [8-10], and shock wave
[8,11]. This model predicts long plateaus in the vibrational distribu-
tions generated by the preferential pumping of high-lying vibrational
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levels due to the recombination process. As a consequence, global
chemical rates do not follow the Arrhenius trend and are related to the
atom concentration rather than to the vibrational temperature [12].

Implementation of STS kinetics in 2-D and 3-D codes
dramatically increases the computational time so that researchers
are trying to develop macroscopic models that include the main
features of the state—to—state approach. The first attempts to define
such models [13—17] introduce a correction factor to the Park model
[3-5], taking into account the departure of the distribution tails from
the Boltzmann behavior. These models work well in dissociation
regimes (shock waves) but are not adequate to describe nozzle flows,
where recombination is dominant.

In a previous work [12], the behavior of vibrational distributions
and rates in dissociation and recombination regimes was discussed.
The main result of this study is that the dissociation rates in the
recombination regime are related to atomic concentration rather than
to vibrational temperature. Approximate analytical solutions of the
kinetic problem (both in dissociation and recombination regimes)
were also presented, providing a qualitative description of the
relevant rates. A fitting function of the rates that depend on the gas
temperature and dissociation degree was proposed, showing a
qualitative agreement with the state-to-state calculations.

In the present paper, the state-to-state kinetic model was improved
with respect to that used in [12] and a new macroscopic kinetic
model, reproducing STS kinetic features in the recombination
regime, is proposed and applied to study the kinetics of a N,/N
mixture.

II. Model Description
A. State-to-State Kinetics

The STS model considered in the present work includes two
species, N, and N, both in the electronic ground state. The whole
vibrational ladder of nitrogen molecule is considered, and rotation is
in equilibrium with the gas temperature (y = %). In particular, we
consider 67 vibrational levels, in agreement with the potential energy
surface used in the quasi-classical trajectory (QCT) calculations of
Esposito and Capitelli [18] (see also [6,10,19]).

The energy of the vibrational levels is calculated using the
equations [20]

&y = Evih (1) + %) - Evib(%) (1)
EVib(E) = weé - wexegz + a)eyeg3 + weZeE4

where the coefficients w,, w,x,, ®,y,, and w,z, are given in the New
column in Table 1.

State-to-state kinetics include the following processes:

For vT'm:

N,(0)+ N, = No(v—1) + N,
For vTa:
N,(w) +N = Ny(v— Av) + N
For vv:
No(v) + No(w — 1) = Ny(v — 1) + Ny(w)
For drm:

N,() + N, = 2N + N,

Table 1 Coefficients for Eq. (1) used in this paper (new) and
those used for correlation of N,—N, rates (old).

Coefficient New [10] Old [6]

w, 2.3724463054 x 10° 2.35857 x 10°
WX, 1.81016777 x 10" 1.4324 x 10!
,y, 1.2755162435 x 1072 —2.26 x 1072
WeZ, —7.9594872485 x 10~ 0.0
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Fig. 1 Relaxation of the vibrational distribution for the initial
conditions 7v0 = 8000 K, 7T = 2000 K, and xy = 0.9.

For dra:
N,(v) + N= 2N+ N

The rates of molecule-molecule (vT'm and vv) collisions were
obtained [21] considering the Herzberg-level scheme [6,20]
(Nyey = 47). The coefficients for Eq. (1) are reported in the Old
column in Table 1. Under the assumption that the rates are related to
the level energy rather than to the vibrational quantum number, the
value v’ to be used in the rate expression must be related to the
vibrational quantum number v in the considered level scheme,
solving the equation

ERW +D) —ERGD =E(v+1) — ES Q) )

where the superscripts new and old refer to the coefficient set in
Table 1.

For vT'm collisions, the rate coefficient data were taken from [21]
and fitted with the function

b K¥Tm = ko (bo ) + a1 (lov) + o[la T, ¢ (ba v), 8, ((n V)]

-1 =

+ a,(bvv) + o[ln T, c3(ln v), 85(ln )]
coef;(§) = ag + (- &) + a0 - [exp(az - §) — 1] + 0y - & 3)

coef; = ko, a;, ¢;, 6;

exp(=(x —¢)/8)
exp(—(x — ¢)/8) + exp((x — ¢)/8)

where the coefficients «; are reported in Table 2. The data in [21]
were available in the range 200-8000 K, but extrapolation is possible
due to the long-range behaviors of function (3). It must be noted that
the vibrational quantum number to be used in this expression must be
V', obtained from Eq. (2).

The rate coefficients for vv processes are those used in [6]. As for
vT'm, the vibrational quantum numbers to be used in the rate
expression must be the solution of Eq. (2). QCT calculations [18,22]
refined in [23] were used for vT a rates. These data are more accurate
than those used in [10,24], because of the increasing number of
trajectories in QCT calculations.

The dissociation-recombination models were considerably
improved with respect to [12], in which the ladder-climbing (LC)
model [6,7,9,12] was used. The LC model, extending the internal
transition rates to a virtual level above the dissociation limit,
underestimates dissociation rates up to 2 orders of magnitude
[10,24]. For the dra process, QCT rates [10,18,22-24] were used.
For molecule—molecule dissociation drm, no state-to-state data set is
available. Instead of using the LC approach, the same dependence

o(x,c,8) =
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Table 2 Coefficients for vTm rate fittings in Eq. (3)

Coefficient o o o o5 oy

ko —23.45450 —42.53388 2520.085 1.706869 x 1072 —0.3185535
a; —22.86601 —0.5830948 1.257130 x 1077 4.065968 0

c 7.460484 —0.1121130 —8.053625 x 1073 1.422084 0

8 —1.643407 7.533923 x 1073 —8.921238 x 1073 1.278885 0

a, —5.312718 —0.5391023 2.583197 0.3241316 0

c 6.191806 2.500253 x 107* 92.27724 —1.217381 x 1073 6.588638
8 —0.5650175  8.912830 x 1073 0 0 0

from T and v as dra was considered for drm rates, normalized to the
thermal molecule—molecule dissociation rate proposed by Chernyi et
al. [25] which considers the following relation between thermal dra
and drm rates [23]

K"(T) _ K{"(T)
Ki“(T) — K§“(T)
+5.2927 x 107°2.2742 x 1073 @)

=0.1694 + 5.5249 x 107°T

For vT and vv processes, only exothermal rates are given, and for
endothermic processes, the rate coefficients are calculated applying
the detailed balance principle:

KiL(T) = Ki%(T) exp(— %) 5)

Kiu(T) = Ky (T) exp (— e 8"’) ©)

To calculate the recombination rates, the detailed balance principle
has also been applied in the form

exp[—(e,/kT)]
Qvib (T)Keq (T)

where the equilibrium constant for N, dissociation (in pascals) is
given by

K(T) = K(T) @)

1000 0-998746
ln Keq = 20.802708 — 113.80656(T)

+ 0.133550 exp( + 0.755434 (o (T) (8)

—8430.0834)

Knowing the vibrational distribution, it is possible to evaluate the
mean vibrational energy,

Niey
Evib = Zeunv (9)
v=0

the vibrational temperature from the population of the first two
levels,

€1~ &
T,=———"— 10
Y klu(ng/ny) (10)

and the global dissociation and recombination rate coefficients:

Niey

Niey
RUT.n,) =) Ki(T)n, R(T)=)Y KiT) (1)
v=0 v=0

B. Multitemperature Model

The MT macroscopic model was constructed to be consistent with
the state-to-state kinetics. The vibrational energy, calculated by
summing the Boltzmann distribution over the considered levels [see
Eq. (1)], evolves following the relaxation equation as in [3]. On the
other hand, the dissociation rates R¢(T, T,) were obtained from the
STS model by summing the state-selected rates over a Boltzmann

vibrational distribution [see Eq. (11)] at the vibrational temperature
T,. The global recombination rates are calculated by applying the
detailed balance to the thermal dissociation R4(T, T), considering
the recombination process to be independent of the vibrational
distribution.

C. Two-Level Distribution Kinetics

Coupling state-to-state kinetic model in fluid dynamics codes
considerably increases the computational load, making such an
approach difficult, but not impossible, for application in 2-D and 3-D
calculations. On the other hand, the MT approach, which requires
lower computational times, cannot reproduce the behavior of global
rates predicted by STS calculations [9,12]. The state-to-state model
predicts a fast relaxation of the distribution tails to a quasi-stationary
value (see Fig. 1, left plot), whereas the low-energy distribution does
not change. For longer times, the vibrational temperature starts
decreasing, due to vT collisions, as well as the distribution tails,
following the variation of atomic concentration. The global rates are
strongly related to the distribution tails, as discussed in [9,12].

The feasibility of a macroscopic model that accounts for
nonequilibrium distributions has been investigated in [12], in which
the global dissociation rates were reported as a function of atomic
concentration (see Fig. 2). This approach does not predict the short-
time behavior of the rates (see Figs. 2 and 3), whereas the global
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Fig. 2 Time profiles of N, + N dissociation rates, atomic molar
fraction, population of the last level, and vibrational temperature for
initial conditions 7v0 = 8000 K, 7" = 2000 K and xyx = 0.9.
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Fig. 3 N, + N global dissociation rates in the state-to-state kinetics as a
function of atomic molar fraction (left) and of the last level population
(right) for initial conditions 7v0 = 8000 K and xy = 0.9.

dissociation rates closely follow the trend of the population of the last
vibrational level. Moreover, this model can be applied when
recombination is the dominant process [12], whereas close to
equilibrium or in the dissociation regime, it is not adequate.

As observed in Fig. 3, there is a linear relation between the
logarithm of the dissociation rates calculated with the state-to-state
model and the fraction of molecules in the last vibrational level.
Using 0-D kinetics, the time evolution of the vibrational distribution,
molar fraction, and the global dissociation rates were calculated at
constant pressure and temperature for different gas temperatures in
the range of 50-5000 K, considering x5 = 0.9 and T, = 8000 K as
the initial conditions. These results were fitted by the equation

()n Rd(T, nvM) = a(ﬂn, T) + b([’n T) ()n(}’lvM) (12)
where a and b are polynomial functions of (n T,
)| _ ia.xf (13)
b(x) —'

and the «; values are reported in Table 3. Initial conditions influence
only the short-time behavior, in which the small departures from the
fitting functions are determined by the relaxation of the distribution
tails to the quasi-steady-state values. It must be noted, however, that
the error is much smaller if the rates are related to the last vibrational
level rather than to the atomic molar fraction (see Fig. 3). A
comparison of results reported in Figs. 2 and 3 shows that the two-
level distribution (TLD) rates deviate from the linear trend for
t <107, a time scale too short for fluid dynamics characteristic
times. Moreover, it has been shown [12] that the quasi-steady-state
solution does not depend on the initial vibrational temperature, but
only on the atomic molar fraction and gas temperature. It is worth
noticing that the global rates, even if calculated by considering
multiquantum transitions, depend only on the last vibrational level
population because it is strongly correlated to all the other high-lying
levels.

COLONNA, PIETANZA, AND CAPITELLI

This characteristic is the key point of the TLD model. It consists of
describing the vibrational distribution with two quantities: the
vibrational energy, as in the multitemperature model, representing
the low-lying vibrational states, and the population of the last
vibrational level, representing the distribution tail, to determine the
dissociation rates.

The vibrational-energy relaxation can be investigated using the
same equation as in the multitemperature model, whereas the time
evolution of the last vibrational level should be based on the state-to-
state model. Consider, for example, the contribution of the vT'm
processes:

dN’ Tm
d_l‘L = NthNz (Kg?ln.vaJrl + szl.uNu—l)
= N, (KU + KN, (14)

Other processes contribute with similar terms. The general
expression of the kinetic equation for a given vibrational level can be
written as the difference of the gain G, and loss L, terms:

dn,

oL =G = LN,

15)

which includes the contribution of all the considered processes
(wTm, vTa, drm, dra, and vv):

Gv — Gng + GgT(I + G{)a + Ggm _"_ va

16)
Lv — Lng + LETa + Lza + ijlm + Lgu
The gain terms are given by
Niey

G =Nxn, »_, Kil'N, (17

w=0

vE£EW

Niev

Gl =Ngxx Y. KN, (18)

w=0

vVFE W
Gy = Nig Xjxw, Ko™ 19)
Gy = Niyxi Ky (20)

Niey
Gr= > (KWN, Ny + K%, NyiNyy) Q1)
w=1
VAW
and the loss terms are given by

Niey

(22)

L™ =Ny, p, KU
w=20

v;w

Table 3 Coefficients of the polynomials to calculate @ and b in Eq. (13) for the dissociation rates by molecules and atoms

Rate Coeff. o o) oy o3 oy os
a 37.9849 —48.89864 16.48396 —2.7588870 0.2292134 —0.007487
R b 3.714972 —2.584976 0.9610557 —0.1737152 0.015209 —0.0005165
a  —127.2788 67.80164 —16.46543 1.838103 —0.0875159 0.001146
Rdm b 4.086736 —2.892419 1.060681 —0.1895913 0.0164573 —0.0005553
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Niey
L =Noxn p. Kl (23)
w=20

vE W
L™ = Ny xRxm, K" 24
L{" = N xy K (25)

Niey
Ly = Y (K Ny + KNy (26)
w=1

vF#E W

dNy,
dr

dr
Ny, _
dr

Equation (15) cannot be solved only for a single level, because the
gain G, and loss L, terms are functions of the composition and of the
overall distribution.

In the recombination regime, v7T up-pumping and vv collisions are
negligible. This aspect has been widely discussed in the literature
approximation, the gain terms of the last vibrational level depend
only on the atomic molar fraction (recombination) and not on the
population of lower vibrational levels. Moreover, L, does not depend
on the distribution, being the nonlinear contribution of the neglected
vv process. Therefore, Eq. (15) can be solved numerically, together
with the energy and master equations, resulting in the TLD model.
Under the further approximation that the composition changes
slower with respect to the distribution tail (quasi-steady-state
condition), G, and L, are constant, and therefore Eq. (15) can be
solved, yielding [12]

* *

w0 = (Mo =T ewi-zin+ 50 e

v

where G} and L} are the approximated gain and loss terms. In [12],
Eq. (27) was used to qualitatively describe some behaviors of the
state-to-state kinetics in the recombination regime, such as the
dependence of the global dissociation rates on atomic molar fractions
and the scaling law of the quasi-steady-state rates, with the pressure
(R o P) being G; o P (N,,) and L} independent of P.

A more detailed analysis has proved that Eq. (27) is still valid if
dissociation losses, neglected in [12], are also considered. The last
level population obtained from Eq. (27) was compared with state-
to-state calculations up to 1078 s (quasi-steady-state value), giving
very good agreement (see Fig. 4). The bottom plot in Fig. 4 reports

the ratio between the gains due to recombination and the neglected
gain terms (vT up-pumping and wvv). Three relevant aspects
emerge:

1) The dissociation process is also relevant in the recombination
regime, due to nonequilibrium distributions.

2) Transitional and quasi-stationary STS solutions are accurately
described by Eq. (27).

3) The error made using the approximated value G; does not
exceed a few percent.

This model can be used to directly determine the value of the last
level population and the dissociation rates if quasi-steady-state
approximation is valid. There is some evidence (see [12]) that in
some fluid dynamics conditions (boundary layer [6,7]), due to the
rapid change in external conditions P and T, the quasi-steady-state
conditions are not reached. As a consequence, the numerical solution
of Eq. (15) must be calculated.

In conclusion, the system of master equations to be solved in the
TLD approach is

R™(T)Ny,N% 4+ R™(T)N{ — R™(T, n,,, )NY,, — R*(T, n,,,, )Nx, Ny
O = 2[RU™(T, n,, )N, + R%(T. n,, )Ny, Ny — R (T)Nx,N% — R*(T)N3] (28)
K["N{Ny, + K32 NY — [Kin Ny, + Kie Ny + s (K3 Ny, + K314 NN,

104

105

106 T=1000K 3

— state-to-state
---- TLD with L4
s, TLD without L4

Na(Vm)/N;

o6l T=5000K |

=
-
O
I LV = ——
~
3
(i . ---- 2000 K
g >z --------- —() )|} '
¢
= 103 narar WP BRI PSP BTN RPN B
10-13 10-12 10-11 10-10 109 10-8

time (s)

Fig. 4 Time evolution of the population of the last vibrational level at
different gas temperature calculated with the state-to-state and TLD
models; the relative value of vT gains is shown in the bottom frame.
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Fig. 5 Time evolution of atomic molar fraction for different gas

temperatures calculated by STS, MT (T —T,), and TLD for initial
conditions 7v0 = 8000 K, xn, = 0.9, and P = 1 atm.

where N, is the particle density of the molecules in the last
vibrational level and n,,, = N,,, /Ny, . These equations are given for
a homogeneous system and can be easily transformed to the mass
continuity equations for reactive flows, considering that the total
density is obtained by summing the contribution of atoms and
molecules, whereas the last vibrational level is considered only to
calculate the rate coefficient of n,,, = p,,, /px,-

III. Results

The first application of the TLD model [see Eq. (28)] is to
determine the temporal evolution of the molar fractions of the N, and
N species under constant pressure and temperature, with the initial
conditions of a vibrational temperature higher than the gas
temperature and an atomic molar fraction higher than the equilibrium
value (recombination regime).

In Fig. 5, the time evolution of the molar fraction of atomic
nitrogen xy calculated with the state-to-state model was compared
with the corresponding values obtained by MT and TLD
macroscopic models for different gas temperatures. State-to-state
and TLD results are in good agreement, whereas the multi-
temperature model predicts lower values for the atomic molar
fraction. This is due to the fact that the multitemperature model
underestimates the vibrational distribution tails, resulting in smaller
dissociation rates and faster recombination kinetics. On the other
hand, the agreement between the STS and TLD models is rather
good, implying that the TLD approach reproduces the main
properties of STS calculations. Some differences can be observed
between STS and TLD calculations when the atomic concentration
decreases, approaching local equilibrium. This result can be
expected, because the TLD model is valid in the recombination
regime. The analysis of the factors that determine the differences
between the two models can help to extend the range of validity of the
TLD approach. These discrepancies can be attributed to two factors:
errors between the global rate and the fitting function [see Eqs. (12)
and (13)] and the contribution of the neglected gain terms in Eq. (15).

The first error source can be due to loss of correlation between the
global dissociation rates and the last vibrational level population.
This contribution does not exceed a small percentage, as can be
observed in Fig. 6, in which the rate coefficients for the N, + N
dissociation process used in TLD calculations are compared with
state-to-state results. The largest differences are observed for high

10—13 F LR AL} L] LA AL | L] LR AL | ] LA AL ] ':
— TLD
—-—- StS
w4 S
:m 10'15:
E o
S ]
_8 4
[ 4
1016 E
1017 E =
11l 1 13 31l 1 11 a1l 1 L1 aaanl

10-10 10 108 107
Nap(vy)/N

Fig. 6 Comparison of the rate coefficient of the N, + N dissociation
collisions calculated with the state-to-state and TLD models for T =
5000 K in the same conditions as in Fig. 5.
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Fig. 7 Contribution of the neglected gain terms [G}"™", G}™*, and G}, in

Eqgs. (17), (18), and (21)] relative to the recombination gains [G}" and G,

in Egs. (19) and (20)] for different gas temperatures.

atomic concentrations (see the magnified frame in Fig. 6). This
happens during the relaxation phase, when the distribution tail is
adapting to the quasi-steady-state solution.

The other source of inaccuracy is neglecting vT up-pumping [G'{,ﬁ“
and Gﬁ;’" in Egs. (17) and (18)] and vv [G}}, in Eq. (21)] terms in the
TLD model. The relative contribution of the neglected gain terms
was investigated by solving the complete state-to-state Kkinetic
equations and is reported in Fig. 7. This contributions do not exceed
10% of the recombination terms, the maximum value occurring for
the highest considered temperature (7 = 5000 K) and for
t>1072s.

To better understand the approximations made in the TLD model,
STS calculations are performed by considering similar assumptions
as in TLD, in conditions in which the discrepancy is larger
(T =5000 K), and are compared with the exact STS results (see
Fig. 8). We can note that the contribution of vv processes is
completely negligible under the recombination regime, as described
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Fig. 8 Comparison between different STS calculations: exact solution
(all), neglecting vv collisions (no vv), neglecting vv and vT up-pumping (no
vT* ), and neglecting vv and vT up-pumping only for v > 20 (no vT+).

level, the detailed balance principle was enforced to make the local
equilibrium a stationary solution. This model reproduces the TLD
kinetics when recombination is dominant, converging toward the
proper solution at equilibrium. Figure 9 compares the results
obtained with the adapted TLD model with corresponding results by
STS and MT. For the considered conditions, the differences are
generally small; however, we note that the modified TLD slightly
improves the agreement with STS calculations with respect to the
MT model. The limits of the modified TLD model are a consequence
of the behavior of the modified rates close to the nozzle throat, in
which the multitemperature part of the rate in Eq. (29) dominates
with respect to the TLD model, underestimating in the intermediate
region the dissociation rates.

IV. Conclusions

A 0-D two-level distribution model was developed to account for
the main characteristics of nonequilibrium vibrational distributions,
as given by the state-to-state model under the recombination regime.
The global dissociation rates were related to the population of the last
vibrational level, instead of the vibrational temperature as in
multitemperature models. This approach, which was also used to
describe nozzle flow expansion of the N,—N mixture, is accurate
when the atomic molar fraction is larger than 1072, and the tail
population is determined by the balance of recombination gains and
dissociation and vT losses.
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